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Abstract 

In this article we prove derived invariance of Hochschild-Mitchell homology and cohomology and we extend 
to fc-linear categories a result by Barot and Lenzing concerning derived equivalences and one-point extensions. 

We also prove the existence of a long exact sequence a la Happel and we give a generalization of this 
result which provides an alternative approach. 
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1 Introduction 

It is known that linear categories over a field fc are a generalization of finite dimensional fc-algebras: given a 
finite dimensional unitary fc-algebra A and a complete system E = {ei, . . . , e n } of orthogonal idempotents of A, 
the category Ca with objects indexed by E and morphisms given by Honied, e.,) = ejAei may be associated 
to A. Different complete sets of orthogonal idempotents of A give different categories, but all of them are 
Morita equivalent CSJ. Conversely given a fc-linear category with a finite set of objects Co = {x\, . . . , x n }, 
a(C) = ffi™ J=1 Homc(a;i, Xj) is a fc-algebra with unit Y2i=i l ^-Xi- The categorical point of view gives in our opinion 
a very clear insight. 

Hochschild cohomology is a very powerful tool in the study of finite dimensional algebras. Its counterpart when 
working with fc-linear categories is Hochschild-Mitchell cohomology [Mit . Some computations of Hochschild- 
Mitchell cohomology groups have been achieved recently by de la Pena and Clotilde Garcfa |dP-G| and by ourselves 

est 

In this article we study one-point extensions of linear fc-categories, obtaining two main results. The first 
one concerns derived invariance of Hochschild-Mitchell cohomology, and the second one is the existence of a 
cohomological long exact sequence relating the cohomology of the category itself and the cohomology of its 
one-point extension. Both of them should be useful for computations, as it is the case for algebras. 

More precisely, let A be a finite dimensional fc-algebra and M a right A-module. It has been proved by Barot 
and Lenzing [BLJ that if A is derived equivalent to another finite dimensional fc-algebra B and the equivalence 
maps M into a right £?-module N, then the one point extensions A[M] and B[N] are such that there exists 
a triangulated equivalence $ : D b (ModA[M]) — > D b (ModB[N]) an d $ restricts to a triangulated equivalence 
<fi : D b (ModA) — > D (Mods). The motivation of this article was to prove that this result holds for small fc-linear 
categories instead of finite dimensional fc-algebras. This is achieved in Theorem 13.51 

In the way to prove this theorem, we give in Theorem 12.71 an alternative description of Morita equivalences 
between fc-linear categories (cf. [CSJ) and a characterization of derived equivalences in this context (Theorem 
I2.14jl . As a consequence we prove in Theorem 12.151 that Hochschild-Mitchell homology and cohomology are 
derived invariant. 
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author is a CONICET fellow. The second author is a research member of CONICET (Argentina) and a Regular Associate of 
ICTP Associate Scheme. 
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We also prove in section 4 that the Hochschild-Mitchell cohomology of a one point extension is related to 
the Hochschild-Mitchell cohomology of the category by a long exact sequence a la Happel |Hap|. Actually, we 
prove this fact in two different ways. Firstly, we provide a direct proof and secondly we reobtain the result as an 
example of a much more general situation (cf. Thm. 14. 4|) . The analogue for finite dimensional algebras is proved 
in |Cib | and | MP |. Our proof is related to Cibils' article, but it is fact simpler, even for the case of algebras. 

We thank M. Suarez-Alvarez for useful discussions. 

2 Morita and derived equivalences 

In the first part of this section we shall give a description of equivalences between the module categories of two 
fc-linear categories C and T> that will lead to a characterization of Morita equivalences which is in fact very close 
to the algebraic case. 

We begin by recalling the definition of a module over a linear category C. For further references, see Mit , 
EMI and £E]. 

Let us consider a field fc and a small category C. 

C is a fc-linear category if the set of morphisms between two arbitrary objects of C is a fc-vector space and 
composition of morphisms is fc-bilinear. From now on, C will be a fc-linear category with set of objects Co and 
given objects x, y we shall denote y C x the fc-vector space of morphisms from x to y in C. Given x, y, z in Co, the 
composition is a fc-linear map 

°z,y,x • zCy ® yC x ^ zC x . 

We shall denote z fy V g x , z f y ■ y g x , zfy ° y9x< or fg if subscripts are clear, the image of z f y <g> y g x under this map. 

The simplest example of fc-linear category is to look at a fc-algebra A as a category with only one object and 
the set of morphisms equal to A. 

Definition 2.1. Given two k-linear categories C and T> the (external) tensor product category, which 
we denote C T>, is the category with set of objects Co x T>q and given c, d G Co and d, d' G P 

(cM) (C KfcP) (c , rf ) =cC c ®d>V d . 

The functor C IK^ — is the left adjoint functor to Func(C, — ) (see JIMit}/ . section 2, p. 13). We will omit 
the subindex k in the external tensor product. We will call the category C Kl C op the enveloping category 
of C and denote it C e . 

Definition 2.2. A left C-module M is a covariant k-linear functor from the category C to the category of 
vector spaces over k. Equivalently, a left C-module M is a collection of k -vector spaces { x M} x ^c provided 
with a left action 

y C x <g> X M -> y M, 

where the image of y f x (g x m is denoted by y f x . x m or fm, satisfying the usual axioms 

zfy-{.ygx-xWl) — (z fy -ygx) -xT^i 

Right C-modules are defined in an analogous way. Also, a C-bimodule is just a C e -module. 

We shall denote cMod and Mode the categories of left C-modules and right C-modules, respectively. 

The obvious example of C-bimodule is given by the category itself, i.e. y C x for every x, y e Co. We will denote 
this bimodule by C. 

In a similar way as for algebras, it is possible to define a tensor product between modules (cf. [MitJ): 

Definition 2.3. Let M be a left C-module and let N be a right C-module. The tensor product over C 

between M and N , M ®c N, is defined as the k-module given by 

M® C N={($M X ® x N)/({m.f ®n-m® f.n:m€M x ,n£ y NJ £ x C y }). 
xeCo 
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If M and N are C-bimodules, it is also possible to define the C-bimodule tensor product over C: 

y {M ® c AO* = (0 y M z ® kz N x )/{{m.f®n-m®f.n}), 
zeCo 

where m £ y M y > , n £ X >N X , f 6 y >C x i. 

Next we recall the definition of Hochschild-Mitchell homology and cohomology. Standard (co)homological 
methods are available in cMod (cf. [BSD- 
Definition 2.4. Let (x n +i, . . . , xi) be a (n + l)-sequence of objects of C. The k-nerve associated to the 
(n + l)-sequence is the k-vector space 

The k-nerve of C in degree n (n <E No J is 

^ n = ISn+finin ® ' ' ' *S) X2 C XI ■ 

(n+l)-tuples 

There is C e -bimodule associated to N n defined by 

y(Nn)x = yC Xn+1 ® x n + iC Xn ® • • • ® X2 C Xl ® Xl C x . 

{n+l)-tuples 

Then the associated Hochschild-Mitchell complex is 

. . . H 1 N n H ■ ■ ■ % N x ^ No % C -» 0, 
where d n is given by the usual formula, i.e. 

n 

d„(f ® ■ ■ ■ ® fn+l) = ^(-l) fe /o ® • • • ® fk-fk+X ® • • • O /„+!• 

fe=0 

This complex is a projective resolution of the C-bimodule C. The proof that it is a resolution is similar to 
the standard proof for algebras. 

Definition 2.5. Given a C-bimodule M the Hochschild-Mitchell cohomology of C with coefficients 

in M is the cohomology of the following cochain complex 

-> [] * M * ^ Hbm(JVi, M) £ • • • Hom(iV„, M) £ . . . , 

where d is given by the usual formula, and 

C n (C, M) = Rom(N n , M) = Nat(7V„, M) 

= Yl Hom k ( Xn+1 C Xn (g> • • • <g X2 C Xl , Xn+1 M Xl ). 

(n+l)-tuples 

We denote it H'(C,M). 

Analogously the Hochschild-Mitchell homology of C with coefficients in M is the homology of the 
chain complex 

... d --? M®N n h...hM®N l t\ ©xAk-O, 

xEC 

where d is given by the usual formula and 

C n {C,M)=M® Cc N n = i 1 M, I1+I ® Xn+1 C Xn <g> • • • <g> X2 C X1 . 

(n+l)-tuples 

We denote it H.{C,M). 
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The following is a generalization of Watt's Theorem for modules over fc-algebras: 

Theorem 2.6. Let C and V be k-linear categories and let F : cMod — ► x>Mod be a functor. The following 
statements are equivalent 

(a) F preserves arbitrary direct sums and is right exact. 

(b) There exists a V-C-bimodule T such that F(-) =T <g>c (—). 

(c) F has a right adjoint. 

Proof. We trivially have that (b) implies (c), and (c) implies (a). Let us prove that (a) implies (b). For each 
x E C define the left X>-module 

-T x = F{_C X ). 

The collection { y T x } ye T> ,xeC ,s a Z^-C-bimodule as we shall now prove: it is trivially a left D-module by definition. 
Given x f x i G X C X >, it induces a morphism of left C-modules 

•xfx' • —C x ► —Cx't 

given by right multiplication by x f x ', so we get a morphism of left P-modules 

F(. x f x ,) : F(_C X ) -> F{_C X ,). 

This natural transformation gives the structure of right C-module. 

Moreover, both actions are compatible since the map F(. x f x >) is a morphism of left P-modules. 
We have that 

y T ® c C x = (® ze c 0V T z <8> z C x )/{{t zz f z , ® z ,g -t z ® z f z > z >g}} ~ y T x , 

using the fc-linear isomorphism t®f tf (with inverse t ^ t®\). This gives naturally a left P-module 
isomorphism 

-T® C C X = _T X . 

From now on, given M G cMod, we are going to write F(M) instead of F(_M). We shall now prove that 
F(-) = T ®c (— )■ Since F and ®c commute with direct sums, there are isomorphisms of 2?-modules 

F(® ie iC Xi ) = ® ie iF{C Xi ) = (5 ie iT Xt = © J£ /T ® c C Xi = T ® c (e ie /C Xi ). 

Given any left C-module M there is an exact sequence 

®jejC Vj -> ® ie iC Xi -» M -> 0, 

hence, by right exactness, we get that 

F(®jejC V] ) - F(® ieI C Xi ) -> F(M) -> 

is exact. Taking into account the previous isomorphism, the following diagram has exact rows and commuting 
squares 

F(® ]eJ C y] ) F{® ieI C Xi ) > F(M) 

©,•€ J T ®c C Vj > te/ T ® c C Xi > T® C M 0. 

By diagrammatic considerations we get a map F(M) — > T <E>c M making the whole diagram commutative. 
Then the Five lemma assures that this map is an isomorphism. 
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The naturality of the map is also clear: if / : M — > N is a C-module morphism, there is a commutative 
diagram 

©je,/ ^Vi *■ ®iei ^< ** M »- 



©j'eJ' C ^ »- 0i'e/' <H 



and hence a diagram 

n®c y] )_ 



F( © fy) 



P(©C) 

iei 



p(© c^,) 



F(M) 



®T® C C X 
iei 



F(N) 



■T® e M ■ 



© T i 



© T. 

i'6/' 



■T ® c N ■ 







Since the two left vertical faces (normal to the page) commute (by definition of T), we obtain that the right 
vertical face also commutes, and this fact proves the naturality. 

□ 

As an application of the characterization of such functors we obtain a description of Morita equivalences of 
fc-linear categories. We also give an example relating this description to the one given in [CS . 

Theorem 2.7. Let C and T> be two k-linear categories. They are (left) Morita equivalent if and only if 
there are a C -T> -bimodule P and a V '-C -bimodule Q such that P (8>t> Q — C and Q ®c P — T> as bimodules. 
Furthermore, these bimodules satisfy that {P y }y£V an( ^ {Qx}x£C are se ^ s of projective and finitely generated 
generators of cMod and pMod respectively. 

Proof. Given two bimodules P and Q, we define the functors 

F : c Mod -> p Mod 
F(-) = Q® C (-), 

and 



G : ©Mod -> c Mod 
G(-) = P ® D (-). 

Since P®Q and Q®P are isomorphic as bimodules to C and V respectively, then FoG ~ idp and GoF ~ idc- 
Conversely, let F : cMod — > pMod be a functor giving the equivalence with quasi-inverse functor G. Since 
an equivalence preserves direct sums and is exact, Theorem 12.61 guarantees the existence of a C-P-bimodule P 
and a D-C-bimodule Q satisfying 

F(-) = Q® e (-) 
G(-) = P ® v (-). 
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The isomorphism F o G ~ id© implies that V ~ F o G(V) = Q ®c {P ®t> F>) ~ Q ®c P- The other 
isomorphism is analogous. 

Since, given x £ Co, Q x is isomorphic to F(C X ), each Q x is finitely generated and projective, and the same 
applies to P y (y G Do)- Also, taking into account that {C x } x ^c 15 a se t °f generators of cMod and F is an 
equivalence, we get that {Q x } x ^c = {P(C x )}xec a ' s a set °f generators of ©Mod. The same arguments apply 

tO {PyjyeCo- 

□ 



Remark 2.8. We infer from the theorem above that if C and D are left Morita equivalent, then they are 
right Morita equivalent. This is done just by taking the functors 

F : Mod c -> Mod© 
F(~) = (-) ®c P, 



G : Modp -> Mode 
G(-) - (-)®pQ. 

The following results will complete the description. 

Proposition 2.9. Let C, T>, £ and T be k-linear categories and vPe, vMc, eNp be a set of bimodules. 
Then the following is a natural morphism of £ -J- -bimodules 

7] : Homx>(P, M) ®c N -> Homx>(P, M ® c N), 

defined by 

rj(t ® n)(p) — t(p) <g> n. 

Furthermore, if P x is finitely generated and projective as left T> -module for each x 6 £q, then 7/ is an 
isomorphism. 

Proof. The morphism is clearly well-defined and natural. To prove the second statement, let us first suppose 
that £ = D and P = _D_. Since for each x 6 Do we have an isomorphism of right D-modules 

HM : Rom v (V x ,M) ^ X M 

defined via the Yoneda's isomorphism 

MAf(*) = x*x(id x ), 

we get 

fi M ® id : Homp (V x , M) <g> c N X M ® c N, 

and 

VAm c N ■ Kom v (D x , M ® c N)^ X M ® c N. 

We see that 77 = ^m® c n ° (/*m ® id). 

Now if, P x is finitely generated and projective, there exists P' such that 

n 

P © Px = C Xi . 

i=l 

Using lemma (20.9) from [AFJ, we are able to prove that 77 is an isomorphism. 

□ 



6 



The proof of the following proposition is analogous: 

Proposition 2.10. Let C, T>, £ and T be k-linear categories and gPx>, c^v, c^Yf be a set of bimodules. 
Then the following is a natural morphism of £ -J 7 -bimodules 

v.P®t> Hom c (M, N) Homc(Honip(f, M), N), 
v(p®t)(u) = t(u(p)). 

Furthermore, if X P is finitely generated and projective as right V-module for each x £ £q, then v is an 
isomorphism. 

From the previous propositions we obtain: 

Corollary 2.11. Two k-linear categories C and T> are Morita equivalent if and only if there exists a C-T>- 
bimodule P such that {Py\ y ^T>a * s a se t of finitely generated projective generators o/eMod, { x P}xec * s a 
set of finitely generated projective generators o/Mod-p and Homc{P, P) (as T> -bimodules). 

Proof. If C and T> are Morita equivalent then we use the bimodule P defined in Theorem 12.71 which satisfies 
all the conditions except perhaps that Homc(P, P) = T>. But Q ®c — = Home(-P, — ), so we get that T> = 

Q®c P = Hom c (P,P). 

Conversely, suppose that there exists a C-P-bimodule P such that {P y } y ev a is a set of finitely generated 
projective generators of cMod and Homc(P, P) — T> as X>-bimodules. Then we set 

F : c Mod -> x>Mod 

F(-) = Hom c (P,-), 

and 

G : -pMod -> c Mod 
G(-) = P ®v (-)■ 

From the previous proposition we have that, for any left X>-module M, 

Hom c (P, P ®v M) ~ Homc(P, P) ®v M ~ V ® v M ~ M, 

and also, for any left C-module N, 

P ® v Hom c (P, N) ~ Hom p (Hom c (P, P),N) ~ Hom p (P, N) ~ iV, 

where all isomorphisms are natural. Hence F and G are quasi-inverse functors, giving the Morita equivalence. 

□ 

Example 2.12. Suppose that E is a partition of the set of objects Cq of a k-linear category C, given by 
Co = \JeeEE e , with #(E e ) < Ho, Ve £ E. It is proved in \GSf that C is Morita equivalent to the contracted 
category along the partition E, C/E. In fact the functors giving the equivalence are the following 

F : c Mod -> c / E Mod 
e F(M) = X M, 

and 

G : c/£;Mod -> c Mod 
X G(N) = f x .( e N), 
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where e is the unique element of E such that x G E e and f x is the idempotent \ E | X | E \ -matrix. 
The bimodules giving the equivalence are: 

e{c/EPc)x = yC x , 
x(cQc/e)c = X ^V 

It is easy to check that P ®c Q — C/E, Q ®c/E P — C as bimodules and also F{—) = P ®c {—) and 
G(-) = Q® C /e(-). 

From now on we shall consider the derived category of cMod. This is a special case of the theory developed 
by Keller for DG categories. We will recall some definitions, but we refer the reader to Kel , for further references. 

As usual, we consider the category of C-modules embedded into the category of cochains of complexes of 
C-modules, denoted by Ch( c Mod) or Ch(C), and we denote the shift of a complex M' by M*[l] or SM' , the 
homotopy category by H(cMod) or just by Ti(C), and the derived category by D(cMod) or D(C). 

We say that a complex of C-modules M is relatively projective if it is a direct summand of a direct sum of 
complexes of the form C x [n], for n € Z, i e Co. We also recall that a complex of C-modules M is homotopically 
projective if it is homotopically equivalent to a complex P provided with an increasing filtration (indexed by No) 

P_l = C P C • • • C P n C • • • C P, 

satisfying the following properties: 

1- P = UngNo 

2. The inclusion P n C P n +i [n € No) splits in the category of graded modules over C. 

3. The quotient P„/P n _i (n e No) is isomorphic in Ch(C) to a relatively projective module. 

As it is proved in | Kel |, the following is a split exact sequence in the category of graded modules over C 

P n ^ Pn -> P (2.1) 

and this split exact sequence gives a triangle in Ti(C). 

We denote H P (C) the full triangulated subcategory of H(C) formed by homotopically projective complexes of 
modules. We denote TL h p (C) the smallest strictly (i.e., closed under isomorphisms) full triangulated subcategory 
of H P (C) containing {C x } xeCo - 

We recall the following theorem from | Kel |, pp. 69-70, Thm. 3.1: 

Theorem 2.13. For any complex of C-modules M we have the following triangle in JiC 

p(M) -> M -> M -> a(M) -> Sp(M), 

where a(M) is acyclic and p(M) is homotopically projective. 

Furthermore, this construction gives rise to triangle functors p and a on W(C) commuting with direct 
sums, p is the right adjoint of the inclusion functor from the full triangulated subcategory of homotopically 
projective complexes, and a is the left adjoint of the inclusion of the full triangulated subcategory of acyclic 
complexes. 

Following Keller, we call p(M) the projective resolution of the complex M . 

Taking into account that any /c-linear category is a DG category concentrated in degree with null differential, 
we may apply the following theorem (cf. | Kel| . corollary 9.2), adapted to the fc-linear case, 

Theorem 2.14. Let C and T> be two k-linear categories such that T> is k-flat (i.e., V T> X is k-flat, for every 
i,|/6 T>q). The following are equivalent: 
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(i) There is a C-V-bimodule P such that P <g>£ - : D(C) -> D{V) is an equivalence, 
(ii) There is an S-equivalence D(C) — > D{T>). 

(Hi) C is equivalent to a full subcategory £ of D(T>) whose objects form a set of small generators and satisfy 
the following 

Rom D{ - D) (M,N[n})=0, 

for all n^O, M,N G £. 

If any of the three equivalent conditions of the theorem is satisfied we say that C and V are derived equivalent. 

We recall that a fc-linear category is projective if y C x is a projective fc-module for every x, y € Cq. We obtain 
the following as a corollary of the previous theorem. In particular, the hypothesis of projectivity holds when k is 
a field. 

Theorem 2.15. LetC andT> be two small k -linear projective categories which are derived equivalent. Then 
the Hochschild- Mitchell homology and cohomology groups of C and D are respectively isomorphic. 

Proof. Since C and V are derived equivalent there exists a P-C-bimodule P and a C-P-bimodule Q, such that 

P ®% - ®% Q : D{C e ) ^ D(V e ), 

is an equivalence, with quasi-inverse 

Q ®c ~ ®c p ■ D{ P e ) -» D ( ce )- 

As a consequence, P ®£ Q ^ T> in D(V e ), and Q ®£ P ~ C in D(C e ). 
Hence, we have the following chain of isomorphisms in D(k) 

C®fc.C=* (Q <g>£ P) (Q <g>£ P) ^ (P ®£ Q) ®b (P ®£ Q) ^ P <gi£ e V, 
where the second isomorphism is induced by the isomorphism 

(p(Q) ®vp(P)) ®c (p(Q) ®vp{P)) 0(P) ®cp(0)) ®pe (p(P) ® c p(Q)) 
(a <g> 6) <g> (a ® 6') i-> (6 <g> a') ® (&' ® a), 

and the fact that p(P) ®c p{Q) is a projective resolution of P 0c Q in peMod and p(Q) ®v p(P) is a projective 
resolution of Q ®c P in eeMod. To prove this last statement we proceed as follows. Since C and V are projective 
fc-categories, given a homotopically projective C-P-bimodule M (which we may suppose of the form (C x <g>fc y T>) 
for x G Cq, y G Pq) the functor M ®p — sends relatively projective P-C-bimodules of type (T> y i ^/C) (for 
x' G Co, y' G Po) into C K ®fc j,ZV ®fcx'C, which are relatively projective C-bimodules. Hence we get that M ®d — 
sends homotopically projective P-C-bimodules into homotopically projective C-bimodules. 
This implies immediately the theorem for homology, since we have 

H n (C ®£ c C) ~ Toif (C,C) = HH n {C). 

For cohomology, we make use of the following isomorphism 

Homu( C «)(C,C[n]) ~ Extg. (C,C) = HH n (C). 

which is proved in the second lemma of [Kra section 1.5. This concludes the proof of the theorem. 

□ 



9 



3 Derived equivalences between one-point extensions 



Let us first state some facts concerning convex categories. 

Definition 3.1. Let C be a linear k- category and V a subcategory. We say that V is a convex subcategory 

of C if given x ,x n G T> , x\,... ,x n -\ G Co such that 3i, 1 < i < n — 1 with Xi £ T> , and morphisms 
fi G x i+1 C Xi , forO<i<n-l then /„_i o • • • o f = 0. 

Remark 3.2. The following facts about convex categories are easy to prove: 

• If C is a convex subcategory of C, then C' op is a convex subcategory ofC op . 

• If C and V' are convex subcategories of C and V respectively, then C El D' is a convex subcategory of 
CElV. 

If V is a convex subcategory of C then there is a functor 

i : Mod-p -> Mod c 

given by the i(N) x = N x , for x G V Q and i(N) y = 0, for y G C \ V Q . The action of C is induced by the action 
of V on N. It is clear that i(N) is a right C-module and it is well defined since T> C C is convex. 

There is a functor induced by the inclusion r : Mode - * Mod-p, given by r{M) = M o mepec- 

They are adjoint functors, namely, we have the isomorphism 

6 : Homp (r(M),N) -» Uom c {M,i(N)) 
0({t y } y ev o ) x - j** 

It is easy to check that this map is well defined and it is natural, and it is an isomorphism with inverse is given by 

C : Rom c (M,i(N)) -» Rom v (r(M), N) 

C({t x }xec )y = t y , foryGZV 

The adjunction says immediately that r preserves epimorphisms and i preserves monomorphisms, but we may 
also easily see that r preserves monomorphisms and i preserves epimorphisms. Hence both functors are exact, r 
preserves projective objects and i preserves injective objects. 

Lemma 3.3. Let V be a full convex subcategory of C and let M, N be two V-modules. Then there is an 
isomorphism 

Ext£,(M, N) ~ Ext'(i(M),i(N)). 

Proof. Choosing a projective C-resolution P. of i(M), since r is exact and preserves projectives, then r(P.) is a 
projective P-resolution of r(i(Mj) = M. By the previous adjunction there is a morphism of complexes 

Rom c (P.,i(N)) ~ Rom v {r(P.),N), 

implying that 

Ext^(M.JV) ~ Ext' c (i{M),i(N)). 

□ 

Next let us define, given a fc-linear category C and a right C-module M, the one point extension of C by 
M as the following small category, which we will denote C[M}. The set of objects is (C[M]) = C U {M}. The 
set of morphisms is given by 

y C[M] x = y C x , M C[M] X = M X , y C[M] M = 0, M C[M] M = k, for x,yeC . 

The composition is given by composition in C, the action of C on M and the structure of /c-module on each 
M x . It may be easily verified that C[M] satisfies the axioms of a fc-linear category and that C is a full convex 
subcategory of C[M]. 
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Remark 3.4. There is a dual definition for a left C-module M , the only changes are x C[M]m = X M and 

M C[M]y = 0. 

If C is finite, then a(C[M}) ~ a{C)[M], where the last one denotes the one point extension of the algebra 
a{C) by the induced module ® x ^c M x . 

In this context, we define the right C[M]-module M, given by M x = M x (x g Co) and Mm — k. The action 
is the following 

Px.y ■ M x <g> x C[M] y = M x <g> x C y P ^ V My = M y , p x ,M ■ M x <g X C[M] M = M x <8> -°> k = M M , 

Palx ■ M M ® M C[M] X = k <S> M x -» M x = M x , p M ,M : M M ® M C[M] M = k ® k -> fc = M M , 

where the last two maps are the action of on M x and the product in k, respectively. Since M = mC[M], we 
get that M is a projective C[Af]-module satisfying, by Yoneda's lemma, Homcnwi {M, M) ~ fc. Also, it is easy 
to see that M is small, since Hom c[M] (M , N) ~ Hom c[M] ( M C[Af], AT) ~ A^ A/ , for each C[M]-module AT. 

Since C is a convex subcategory of C[M] there is a functor i : Mode — * Modc[A/]. defined at he beginning of 
the this section. 

We have that i( y C) = y C[M], and hence i preserves relatively projectives and homotopically projectives, by 
definition. 

Next we consider the functors Hom.c[ M ](i(—), M) : Mode - ¥ Mod^ and Hornc(— , M) : Mode —* Mod^. 
We remark that they are isomorphic, i.e., there exist a natural isomorphism 

Hom c[M] (i(-),M) ~ Hom c (-,M), (3.1) 

given by 

a : Hom c[M] (i(-),M) -» Hom c (-,M) 

\tx}xeC[M]o ^ {tx}x£C , 

with inverse 

p : Hom c (-,M) -» Hom c[M] (t(-), M) 
{tx}x£C n {tx}xec u {Om}- 

Since i is an exact functor that preserves injectives, we have that Ext*j M ](i(— ), M) is a universal (5-functor, 
and it is isomorphic in degree zero to Homc(— ,M), so there is an isomorphism of (5-functors 

Ext^ [M] (i(-),M)~ExtJ(-,M). 

Also, the following identity holds 

Hom c[M ](M,i(-)) = 0. (3.2) 

Theorem 3.5. Let C and T> be two k-linear categories, M a right C-module and N a right T>-module. For any 
triangulated equivalence <fi from D{T>) to D(C), which maps N to M, there exists a triangulated equivalence 
$ from D(V[N]) to D(C[M]) which restricts to (f>. 

Proof. According to Theorem 12. 141 <fi is determined by its restriction, which is also an equivalence, 

4>' : V -> £ C D(C) 

<t>'(y) = yT, 

where y T = (j)( y T)[0]) denotes a complex of right C-modules (y G Do)- By definition of equivalence these 
complexes form a set of small generators of D{C), such that 

Homu( C )(„T )V /T[n]) = 
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for u ^ 0, and 

Kom D{C )( y T,y>T) = y >Vy. 

We are going to define an equivalence from T>[N] to a subcategory £ of D(C[M]) satisfying the hypotheses 
of Theorem 12. 141 The following functor $' is fully faithful 

$' : V[N] -» £ C £>(C[Af]) 

*'(!/)= i(„T), ifj/GPo, 
$'(AT) = M[0]. 

The definition on the morphisms is the natural one but it may be useful to precise it. 

Let us take $'(/) =io0'(/), for / G y /Dj, = yV[N] y , and $'(/) = 0, for / G y P[iV]jv Given / G N V[N\ y , 
we define $'(/) by the following chain of natural isomorphisms 

N V[N] y = N y ^ Uom v { y V, N) ™ c Uom D{v) ( y V, N[0]) 
Rom D(c) ( y T,M[0]) £ Hom D(c[M]) (j(,T),M[0]) ^ Uom H{c[M ))(i(yT),M[0]), 

where /3' is the morphism induced by (3 on TL b p . We remark that the last isomorphism holds since M is C[M]~ 
projective. It remains to check that j3' is an isomorphism: taking into account the short exact sequence (|2.1|l . 
one only needs to check that it is so on each y C[n]. This is quite simple and follows from the isomorphisms 

Eom D(C )(yC[0},M[0]) = Rom c ( y C,M) 4 Rom c[M] (i( y C) , M) , 

and 

Eom Di c)( y C[n],M[0]) = Rom D{C) ( y C[Q}, M[-n}) ~ Ext c n ( y C, M) = 
-> Rom D{ c[M])(i( y C)[0},M[-n\) = Hom D(c[M ])(i( y C[n]),M[0]), 

for n ^ 0. The last map is an isomorphism since i( y C) = y C[M] and, for n ^ 0, we have that 

Rom D(c[M]) (i( y C)[0],M[n}) = Ext£fa(i{ v C),M) = 0. 
Finally, for / 6 nT>[N]n, we define <£>'(/) by means of the isomorphisms 

N V[N} N = k ~ Hom c[M] (M, M) = Hom c(c[M]) (M[0], M[0]). 
The functor $ is fully faithful by definition. Since i is fully faithful and preserves homotopically projectives, 

Uom D(c[M]) (i( y T),i( y ,T)) = Eom n{c[M]) (i{ y T) , i( y ,T)) = Hom w(c) ( y T, y >T) = Hom D{c) ( y T, y ,T) = y ,T> v , 

for y,y' G Do- Also, Hom^^^j^Mjj^T)) = as a consequence of <|3.2[l . All other cases are straightforward. 

We also need to prove that Hom.D(eiM])(^'{y)j^'(y')[ n ]) — 0, for n ^ 0. This is achieved in exactly the 
same way as before, just considering a shift by n and noticing that i commutes with the shift by definition. 

The image of the functor <£>' is a set of small generators: they are small since M[0] is small and {i( y T)} y& j) 
is set of small objects. The latter is proved directly from the sequence (|2.1|) and the fact that i( x C) = X C[M] is 
small. 

To prove that they are a set of generators we proceed as follows: { y T} y ^T> ' s a set °f generators of D(C), then 
the full strictly triangulated subcategory closed under direct sums containing them also contains { y C} y ^x> Q - So, the 
triangulated subcategory generated by {i(yT)} ye j) contains {i( y C)} y ^v — {yC[M]}yev - As a consequence, 
the triangulated subcategory generated by the image of $' contains { y C[M]} ye j> and M = mC[M], whence it 
is the whole D{C[M\). 

□ 
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4 Happel's cohomological long exact sequence 



In this section we first generalize in Theorem 14.21 the long exact sequence in |Hap| , Thm. 5.3. to Hochschild- 
Mitchell cohomology. Although the proof is quite similar to the algebraic case but a little bit more technical, it 
is interesting to remark that in the categorical context, a more general statement (Thm. I4.4|l not only holds but 
it is in fact more natural. The proof of this general statement has been inspired by an article by Cibils (cf. Thm. 
4.5 [CibJ) and in fact provides a simpler proof to Cibils' result. 

We first state some definitions. Given a C-bimodule N, let j(N) be the C[M]-bimodule, such that x3(N)m — 
Mj{N)x — 0, for x G C[M]o, and y j(N) x = y N x , for x, y 6 Co- The action is induced by the action of C on N. 
Also, we will denote by S the simple right C[A/]-module satisfying S x = 0, for x G Co, and Sm — k. The action 
is the obvious one. 

Lemma 4.1. Let C be a k-linear category and M a right C-module. The following holds: 

1. C[M] e ~ C[M} M ® k mC[M] ~ Rom k (S,M), as C[M]-bimodules. 

2. Ext^+}j(5, M) ~ ExtJj(M, M), forn>l. 

3. Ext£ [M] (S, M) ~ Hom c (M, M) /k. 
I Homc[M](5,M) = 0. 

5. Ext£ e (C,C) ~ Ext£ [M]e (j(C), j(C)), /or n > 0. 
Proof. JIJ. It is clear that the following morphism of C[M]-bimodules 

: Hom fe (S* 2 ,M s ) -> s C[Af] M ® k M C[M] y 
x4>y = 0, if x M 

x<t>y{f) = 1 ® /(I), if * = M, / G Hom fc (fc, M ff ). 

is in fact an isomorphism. 

In order to prove Q, and ||4j we proceed as follows. There is a short exact sequence of right C[Af]-modules 

-» i(M) il^S^O, 

The morphisms are the obvious ones. Applying the functor Home[M]( — ,M) to this short exact sequence we get 
the long exact sequence 

Hom c[M] (5, M) -> Hom c[M] (M, M) -> Hom c[M] (*(M), M) -► Ext^ [M] (5, M) ->• . .. 
. . . - Ext^M] (S, M) - Ext£ [M] (M, M) - Extg [M] (<(M), M) - Ext^ ( 5 > ^) - • • ■ 

Taking into account that i preserves exactness and projectives, and the isomorphism (I3.1|) . we have that 

Hom c[M] (i(Af), A?) ~ Hom c (M, M) and Ext£ [M] (i(M), M) ~ Ext^ (M, M) , for n > 1. Also, we see immedi- 
ately that ExtcfM] (M, M) = 0, for n > 1, since A? = mC[M] is projective. This proves ©. 

For the other statements, we recall that HomcfM] (M, M) ~ mC[M]m = fc, and notice that the map given by 
/* : HomciM] {M,M) — * Homers] (i(M), M) is not zero since /*(id A - / ) = / ^ 0, and so /* is injective. Hence 
we get (J3J and ©. 

In order to prove (J5J) we only use that C e is a full convex subcategory of C[Af] e and apply Lemma l3~31 

□ 

Theorem 4.2. Let C be a k-linear category and M a right C-module. There is a cohomological long exact 
sequence 

-> HH°(C[M]) -> HH°(C) -> Hom c (M,M)/fc -> HH^CiM}) -» HH 1 ^) -> Ext£(M, M) -> ... 
> ExtJT^M, M) -> HH n (C[M}) -> HH n (C) -> Extg(M,M) -> HH n+1 (C[M}) ->■... 
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Proof. Let us consider the following short exact sequence of C[Af]-bimodules 

-> K -3. C[M] 4 j(C) -» 0, (4.1) 

where /3 is given by /?(/) = /, for / G C y C[M] K , and zero in any other case. The C[M]-bimodule K is its 
kernel. 

We shall see that K and C[M]m ®k mC[M] are isomorphic as C[A/]-bi modules. To prove this fact we proceed 
as follows: consider the map 

7 : C[M] M ®k mC[M] C[M] 
j(c ® c') = c.c'. 

It is evident that /3 o 7 = and that 7 is a monomorphism. If c G Ker(/3), then either c = or c G a/C[M] s . 
In this case, c = 7(a/1m ® c ). an d hence c G 1111(7). 't follows that C[M]j^ ®fe mC[M] is also a kernel 
of /3. As a consequence, Ext^ M ] e (A', j(C)) = for n > 1. Also Home[M] e (-^)i(C)) = m3{C)m = 0, so 
Ebrtg [M] .(JC,j(C))=0,fbrn>0. 

Now, applying the functor Homc[M] e ( — > j(C)) to the sequence (|4.1|l and using that Extcr^ie(A', j(C)) = for 
n > 0, we get ExtJW (j(C)J(C)) = Ext^ [M]e (C[M],j{C)), for n > 0. The first one is isomorphic to HH n (C) 
using Lemma l4~Tl lf5|l. 

Also, 

H n (C[M],K) = Ext£ [M]e (C[M], A) ~ Extg [M] (5, M) - H n (C[M],Rom k (S, M)), 

by Lemma EUj JTJ. Finally, H n (C[M],Rom k (S, M)) is isomorphic to Extern (S, M) since, by adjunction, 
the complex computing the Hochschild-Mitchell cohomology also gives the Ext groups. We also notice that 
Hom c[M] «(C[M],ir) = 0, Extc [M jJC[M], K) = Hom c (M,M)/fc and Ext^ [M]e (C[M], K) = Ext£ _1 (M,M), 
for n > 2, using Lemma |4~D (|4|). (JjJ and Q respectively. 

Applying now the functor Homcrjyie(C[M], — ) to 1)4. we obtain the long exact sequence 

-> Hom c[M] .(C[Af], X) -> Hom c[M] e(C[M],C[Af]) -> Hom c[M] e (C[A/], j(C)) -> Ex4 [M]e (C[M], Jf) -> ... 
... -» Ext£ [M]c (C[M], A) -> Extg [M]e (C[M],C[M]) -> Extg [M] e (C[M], j(C)) - Ext™+^ e (C[M], A) - ... 

Using the identifications above the theorem follows. 

□ 

Next we will consider a more general situation. Let C\ and C 2 be two /c-linear categories, and let M be a 
Ci-C 2 -bimodule. We define the category C — C\ Uj,; C 2 with objects Co = (Ci)o U (C 2 )o and morphisms 

{x{Ci) y , for 1,1/6 (Ci) , 
K (C2) y , for x,y G (C 2 ) , 
xM,, for a; G (Ci) . 2/ G (C 2 ) , 
0, otherwise. 

Example 4.3. If (Ci)q = {*}, *(Ci)* = k and M is a right C2-module, then C\ Um C 2 = C 2 [Af]. 

Since, for i,j G {1,2}, Ci El C° p is a convex subcategory of C e , there are well-defined restriction functors. 
Given a C-bimodule AT, we shall denote rij(N) the corresponding restriction. We also write Ti(N) = rij(N). 

In this situation there is a cohomological long exact sequence generalizing the previous one. The key fact of 
the proof is that it is possible to decompose the Hochschild-Mitchell projective resolution of C as C-bimodule as 
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follows 



N„ (C) = 




I _ £, ' ' ' <X) 


Xi^Xq © XqC — 


(xo, ■ 








= 


— Cx n 


©X n (Cl)x n _! © 


■••^x^COxo ©x C- 


(xo, ■ 


.•^n)6(Cl)" +1 










© x n (C2)x„_i © 


•••®x 1 (C 2 )x ©x C- 


(xo, • 


..,*„) e(c 2 )|J +1 






n-1 

©0 


e 


— C Xn © £c„ (Cl)x, 


,_! © ■■■®* i+1 M Xj © 


j=0 


(x ,...,xi) g (C 2 ) +1 







©Xi^xo ®x C 



(x i+ i, . . . ,x„) e (Ci)jJ~ 
This decomposition gives 



(xo, ■ 


Q Homiid,^,,.! © • • • © 


x 1 C Xo , x n N Xo ) 




JJ Hom fc ( a; „(Ci) a; „_ 1 © 

..,^n)G(C 1 ) 1 + 1 


■■■®x 1 {Cl)x ,x n N XQ ) 


© 

(xo, • 


..,x n )e(c 2 ) I+1 


■■■®x 1 {C2)x Q ,x n N Xo ) 


n-1 

©0 

i=0 


j | Hom fe ( Xn (Ci) x , 
(x ,...,Xi) G (C 2 ) +1 


»_! © •••<8>x i+1 M Xi © 



3 Xl (^-2)xoj x n N Xo ) 
(x j+ i,...,x n ) G (Ci)^ 1 

= Hon^e(Ar„(Ci),ri(Ar)) ©Hom C |(Ar„(C 2 ),r 2 (^)) ©Hom ClKc op(M„_ 1 ,ri ; 2(Ar)), 
where (M„, e?„) is the complex of projective Ci-C 2 -bimodules given by 

n 

^" = -(Cl) Xn+1 <8>x n+1 (C2)x n (8'---Ox i+1 M Xi (8)---® Xl (C2)xo<8'xo(C2)-, 

4=0 (x ,...,x i )e(Ci) + 1 

(x i+ i,...,x„+i) G (Ci)^ 1 - 1 

with differential d, obtained by restricting the differential of the Hochschild-Mitchell resolution. This complex is 
in fact a projective resolution of M as a Ci-C2-bimodule. In order to prove this statement, it is sufficient to notice 
that (M., d.) is the total complex obtained from the first quadrant double complex 

Mij= -(Ci)x B+1 ®x n+1 (Ci) Xn ®---® Xt+1 M Xi © ■■■® Xl (C 2 )x ®x (C 2 )-, 

(xo, • ■ ■ , Xj) G (C 2 )q +1 
(x;+i,. . . ,x i+J - + i) G (Ci)J 

where the vertical and horizontal differentials are 

!/(^j)a;(y( C l)a; n +l ® • • • O 1,+ iWx, ® • • • ® x (c 2 )x) 

=j/(ci)x n+1 -x n+ i(ci)x n © • • • © x i+1 m Xi © • • • © Xo (c 2 )x 

n+1 

+ ^2 (-l) JI+ ' ra+1 y(ci) ;Em+1 © • • ■® X]+1 {c 1 ) Xj . Xj {c 1 ) X] _ 1 © • • • © Xi+1 m Xi © • • • ©x (c2)x 

j=i+2 

+ (-iy + n y{c 1 ) Xn+1 © • • • © x i+2 {Cl)x i+1 -X i+i m Xi © • • • © x (c 2 )x 
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and 

y( d lj)x{y{ci)x n+1 ® • • ■®x i+1 m Xi <g • • -0x0(02)0;) 

=(-l) i +"+ 1 ?/ (c 1 ) a . n+1 ® • ■ • ® Xz+1 m Xz . Xl {c 2 )x,_ 1 ® • • • ® x (c 2 )x 
i-l 

^+1 



+ (-l) 7l+1 y (ci) a!n+1 <g> ••• <8 a^m^ ® ••• ® Xl (c 2 ) x „. XQ {c 2 ) x . 



This double complex has exact rows and columns using the usual homotopy arguments. Then the cohomology of 
the cochain complex (Hom Cl h c °p(M., ri^(N)), <i*) is exactly Ext* iK]c °p (M, ri >2 (N)). 

We also notice that this cochain complex is actually a subcomplex of Homee (N n (C) , N) , which is the 
complex computing the Hochschild-Mitchell cohomology of C, and its quotient is Homcf(N n (C\),ri(N)) © 
Homc| (N n (C2), ra(iV)). In other words, there is a short exact sequence of complexes of fc-modules 

-> Hom ClB i e -p(M._i J n,2(JV)) -» Hom C e(iV.(C),iV) 
-> Home; (JV.(Ci),r x (iV)) ©Home- (W.(Ca),r 2 (JV)) -» 0. 

The cohomological long exact sequence obtained from this short exact sequence yields the following theorem 

Theorem 4.4. Let C\ and C 2 be two small k-linear categories, and let M be a C\-C 2 -bimodule. Denoting 
C = C\ Um C 2 , there is cohomological long exact sequence 

-> H°(C,N) -» fl-°(Ci,ri(JV)) ©fl"°(C 2 ,r 2 (JV)) -» Hom ClHcr (M, n, 2 (iV)) -> i? x (C, iV) ^ ... 
... -^H n (C,N) H n (C 1 ,r 1 (N))®H n (C 2 ,r 2 {N)) Ext2 iHcr (M,n, 2 (iV)) ^ ff" +1 (C, iV) ^ . . . 

This theorem provides a long exact sequence generalizing the one obtained by Cibils Cib for algebras and the 
one point-extension sequence proved before. 
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